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Abstract – In this paper we prove the entropy inequality for the Gaussian-BGK model of Boltzmann equation. This model, also called ellipsoidal
statistical model, was introduced in order to fit realistic values of the transport coefficients (Prandtl number, second viscosity) in the Navier–Stokes
approximation, which cannot be achieved by the usual relaxation towards isotropic Maxwellians introduced in standard BGK models.

Moreover, we introduce new entropic kinetic models for polyatomic gases which suppress the internal energy variable in the phase space by using
two distribution functions (one for particles mass and one for their internal energy). This reduces the cost of their numerical solution while keeping a
kinetic description well adapted to desequilibrium regions. 2000 Éditions scientifiques et médicales Elsevier SAS

1. Introduction

At high altitudes or in rarefied regimes, a gas is best modeled at a microscopic scale, as a collection
of particles characterized by their velocityv and positionx. The relevant mathematical model is then the
Boltzmann equation,

∂tf + v.∇xf =Q(f ), (1)

which governs the evolution of the density of particlesf in the phase i.e. in the monoatomic casef =
f (t, x, v), t > 0, (x, v) ∈R3×R3, and in the polyatomic casef = f (t, x, v, I ),where the additional parameter
I > 0 is an internal energy parameter. This equation is closely related to the Navier–Stokes system which
governs the evolution of macroscopic density, momentum and energy

∂t

 ρ

ρui

E

+ ∂xj .
 ρuj

ρuiuj +Pδij
Euj + Puj

= ∂xj .
 0

σij

uiσij + κ∂xj T

 , (2)

where the pressure is given by the polytropic law

P = ρRT = (γ − 1)ρe, (3)

the viscosity tensor is given by

σij = µ(∂xj ui + ∂xiuj − αδijdivu),

and the total energy byE = 1
2ρ|u|2 + ρe. Finally, the viscosityµ(T ), the second viscosityαµ and heat

conductivityκ(T ) are given coefficients. HereR denotes the ordinary gas constant per unit mass.

1 E-mail: benoit.perthame@ens.fr
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Since the quadratic collision operatorQ(f ) has a rather complex form, simpler models have been introduced
and are commonly used (see Loyalka et al. [1], Aoki et al. [2] for example) to reduce the numerical costs of
DSMC method (see [3,4]). These models should respect the basic relaxation properties of the gas under study
and be reliable when computing boundary layers or shock waves in transitional flows (that is, in regimes where
the gas is dense but not completely in thermodynamic equilibrium). On the other hand, they should be easier
to handle numerically, and should simplify the study of transitional regimes. More precisely, we are looking
for models whose hydrodynamic limits can be easily accessed by Chapman–Enskog or by asymptotic moment
expansions and have the right transport coefficients. The simplest model is the so-called BGK model introduced
by Bhatnagar, Gross and Krook [5]. It is based on relaxation towards local Maxwellians

Q(f )= 1

ε

(
M[f ] − f ). (4)

This model has the advantage of describing the right fluid limit. But in the Chapman–Enskog expansion,the
transport coefficients, that isµ, α, andκ obtained at the Navier–Stokes level are not satisfactory. In particular,
the Prandtl number defined by

Pr= γ

γ − 1

Rµ

κ
, (5)

and relating the viscosity to the heat conductivity is equal to 1. For most gases, we havePr < 1. In particular,
the hard-sphere model for a monoatomic gas (γ = 5/3) in Boltzmann equation leads to a Prandtl number
very close to 2/3. Many variants of the BGK model have been proposed in order to give the correct Navier–
Stokes heat conduction (see Brun [6], Cercignani [7]) but none of them satisfies simultaneously the three basic
requirements of giving nonnegative distributions, of predicting a Prandtl number less than 1, and of verifying
the fundamental H-Theorem ∫

Q(f ) lnf dv 6 0, (6)

which implies the classical and fundamental entropy inequality

∂t

∫
H(f )dv + div

∫
vH(f )dv 6 0, (7)

H(f )= f lnf.

Actually, the models proposed by Bouchut and Perthame [8], Struchtrup [9] can do this, but are too complex
for numerical purposes. In Levermore [10] a BGK system is proposed but it can only reach Prandtl numbers
larger than 1 for non negative distributions. A model was proposed by Holway [11] which gives non negative
distribution and a Prandtl number less than one, but to prove the entropy inequality for this model has been a
long standing open problem. Nevertheless various studies and numerical simulations have been conducted with
results in good agreement with experimental data; for references see [7] and the references therein.

The actual form of the model, called ellipsoidal statistical or Gaussian model, involves non-convex quantities
for 2

3 6 Pr6 1. This fact made unlikely that the entropy inequality (a convex relation) might hold true and the
problem of proving or disproving the H-Theorem was left open.

In this paper, we solve this long standing question by showing that the model indeed satisfies the entropy
inequality for the range23 6 Pr 6 1. A second purpose of this paper is to extend this model and the associated
Chapman–Enskog expansion to polyatomic gases. Two kinetic descriptions are in fact possible here. The
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classical description uses a distribution functionf (t, v, x, I )which also contains an internal energy parameterI

at the kinetic level (see Pitaevski and Lifschitz [12] for a general setting, or Morse [13] for the precise
BGK model). The other description to be detailed in this paper is to use two density functions, one for mass,
and one for internal energy. It was used for Euler equations by Khobalatte and Perthame [14] and has the
advantage of reducing the number of independent variables which is very useful for numerical purposes (see
Mieussens [15] for instance). In a forthcoming paper, we will present comparisons between numerical tests
using Boltzmann’s quadratic kernel and the ellipsoidal model (Andries et al. [16]).

The outline of this paper is as follows. In section 2, we describe the Gaussian model for a monoatomic gas,
and we prove the entropy property (6) for this model. In section 3, we extend the model and the entropy property
to the polyatomic case using an additional internal degree of freedom. The Chapman–Enskog expansion is
performed in section 4, and we show that the range of Prandtl numbers 2/36 Pr <∞ can indeed be reached
while leaving free the second viscosity coefficientα in the polyatomic case (in the monoatomic case we can
only reach the classical Stokes relationα = 2/3 as for the binary Boltzmann collisional operator). Finally, the
description with two distribution functions is treated in section 5.

2. Gaussian BGK equation: the monoatomic case

In this section we consider a monoatomic gas i.e.γ = 5/3 in equation (3). We recall the Gaussian model
which allows to recover the range of Prandtl numbers2

3 6 Pr 6 1, and we show that it satisfies the entropy
properties (6), (7).

2.1. Some notations

Boltzmann’s collision operatorQ(f )(x, v, t), which describes the variation of the distribution function due
to binary collisions between particles, conserves mass, velocity and energy∫

v∈R3
Q(f )(x, v, t)φ(v)dv = 0,

for φ(v)= {1, v, 1
2|v|2}, and satisfies the local entropy dissipation inequality (6). These properties are true for

the simpler BGK operator (4) which describes the relaxation off to the local Maxwellian equilibrium

M[f ] = ρ

(2πRT )3/2
exp
(
−|v − u|

2

2RT

)
. (8)

It is defined by using the macroscopic densityρ, velocity u and translational temperatureT of the original
non-negative distributionf obtained through the moments

ρ(x, t)= 〈f 〉, (9)

u(x, t)= 1

ρ
〈vf 〉, (10)

T = 1

3Rρ(x, t)

〈|v− u(x, t)|2f 〉, (11)

with the notation

〈f 〉(x, t)=
∫
v∈R3

f (x, t, v)dv.
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In order to introduce the Gaussian model, we need further notations. We define

P = ρRT (kinetic pressure), (12)

E = 1

2

〈|v|2f 〉= 1

2
ρ
(|u|2+ 3RT

)
(total energy), (13)

and the opposite of the stress tensor

2= 1

ρ
〈c⊗ cf 〉, (14)

with c = v − u(x, t) denoting the relative velocity. Therefore the translational temperature is related to the
stress tensor by

T = 1

3R
tr2.

We finally introduce the corrected tensor

T = (1− ν)RT Id+ ν2, (15)

which can be viewed as a linear combination of the initial stress tensor2 and of the isotropic stress tensor
RT Id developed by a Maxwellian distribution.

2.2. Gaussian model

The Gaussian model introduces a corrected BGK collision operator by replacing the local equilibrium
Maxwellian by the GaussianG[f ] defined by

G[f ] = ρ√
det(2πT )

exp
(
−1

2
(v − u) · T −1 · (v − u)

)
. (16)

The corresponding collision operator is now

Q(f )= P

µ(1− ν)
(
G[f ] − f ), (17)

where the parameter−1
2 6 ν < 1 is used to modify the value of the Prandtl number through the formula (to be

proved later)

2

3
6 Pr= 5

2

Rµ

κ
= 1

1− ν 6+∞. (18)

It first follows from the above definitions, using for example the change of variablesc̃= T −1/2 · (v−u), that

〈f 〉 = ρ = 〈G[f ]〉,
〈vf 〉 = ρu= 〈v G[f ]〉,〈 |v|2

2
f

〉
=E =

〈 |v|2
2
G[f ]

〉
,

and
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(v − u)⊗ (v − u)f 〉= ρ2,〈

(v − u)⊗ (v − u)G[f ]〉= ρT . (19)

In particular, this means that the collision operator (17) does indeed conserve mass, momentum and energy as
imposed.

2.3. Entropy inequality

To prove the entropy inequality (6) (H-Theorem) we introduce the entropy constrained minimization problem

S(ρ,u,T )=min
g∈X

〈
H(g)

〉
, (20)

whereX =X (ρ,u,T ) is the set defined by

X = {g > 0,
(
1+ |v|2)g ∈L1(R3),

〈g〉 = ρ, 〈vg〉 = ρu, 〈v⊗ vg〉 = ρu⊗ u+ ρT }.
We have the following proposition

PROPOSITION 2.1: For symmetric positive definite tensor2 and−1/26 ν < 1 we have

(i) the tensorT defined in(15) is symmetric positive definite and the setX (ρ,u,T ) is not empty,
(ii) the unique minimizer in(20) is the GaussianG[f ] defined in(16),
(iii) the entropy of the GaussianG[f ] satisfies〈

H(G)
〉= S(ρ,u,T )6 S(ρ,u,2)6 〈H(f )〉, (21)

(iv) consequently the entropy inequalities(6), (7)hold,
(v) the equality〈H(G)〉 = 〈H(f )〉 impliesf =M.

Proof. –The first and second point will be proved later on in the more general polyatomic case, thus we refer
to section 3 for a proof. For the third point, using (ii) we first compute

S(ρ,u,T )= ln
(

ρ√
det(2πT )

)
〈G〉 − 1

2

〈
T −1 : (c⊗ c)G〉− 〈G〉

= ρ ln
(

ρ√
det(2πT )

)
− 5

2
ρ,

yielding

S(ρ,u,T )− S(ρ,u,2)= ρ ln
(

ρ√
det(2πT )

)
− ρ ln

(
ρ√

det(2π2)

)
= 1

2
ρ ln

det2

detT .

Thus, we just have to prove that

detT > det2. (22)

This is mainly a consequence of the Brunn–Minkowsky inequality

det
(
aA+ (1− a)B)> (detA)a(detB)1−a (23)
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for 0< a < 1 andA, B positive symmetric matrices,A 6= B. This inequality can be evidently extended to
a general convex combination of matrices. This inequality will be proved later on in the appendix. Here we
cannot apply this result directly to

T = ν2+ (1− ν)RT Id

becauseν may be negative. Instead, we introduce, in a diagonal basis for2 the matrices

31=
λ1 0 0

0 λ2 0

0 0 λ3

 , 32=
λ2 0 0

0 λ3 0

0 0 λ1

 , 33=
λ3 0 0

0 λ1 0

0 0 λ2

 , (24)

whereλi are the eigenvalues of2. Then,T is also diagonal and sinceRT = (λ1+ λ2+ λ3)/3, it is easy to
obtain from the definition ofT

T = 1+ 2ν

3
31+ 1− ν

3
32+ 1− ν

3
33.

For−1
2 6 ν 6 1 this is now a convex combination of three matrices and we may apply (23). After noticing that

det31= det32= det33= λ1λ2λ3= det2,

we obtain

detT > det2.

Therefore, the inequality (22) holds true for 1− ν > 0, and 1+ 2ν > 0, and the proof of (iii) is complete.

We deduce (iv) as a consequence of (iii) and of the convexity relation

H ′(f )(G − f )6H(G)−H(f ).

Then, the BGK model (17) satisfies the H-Theorem for allν ∈ [−1/2,1] because, thanks to the convexity ofH
we have

∂t

∫
R3
H(f )dv +∇x.

∫
R3
vH(f )dv= ρRT

µ(1− ν)
∫
R3
H ′(f )(G[f ] − f )dv

6 ρRT

µ(1− ν)
∫
R3

(
H(G[f ])−H(f ))dv

6 0.

To prove (v), we assume〈H(G)〉 = 〈H(f )〉. Then the point (iii) gives〈
H(G)

〉= S(ρ,u,T )= S(ρ,u,2)= 〈H(f )〉. (25)

But, using (ii) the equalityS(ρ,u,2)= 〈H(f )〉 implies by point (ii) thatf is the Gaussian

f = G2[f ] = ρ√
det(2π2)

exp
(
−1

2
x(v − u) ·2−1 · (v − u)

)
. (26)
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Next, the equality (21) also givesS(ρ,u,T )= S(ρ,u,2). These quantities can be computed exactly following
the lines of point (iii), and (22) becomes

detT = det2.

With the notations (24), this gives

det
(

1+ 2ν

3
31+ 1− ν

3
32+ 1− ν

3
33

)
= det2.

This is the equality case of the strictly convex inequality (23) and sinceν < 1, this equality implies

32=33,

from which we deduce immediatly

λ1= λ2= λ3=RT, 2= Id. (27)

Then, we use the gaussian structure off , (26), and (27) to obtainf =M. 2

3. Gaussian model: the polyatomic case

The extension to polyatomic gases can be performed using an internal energy parameterI which takes into
account the (continuous) degrees of freedom in a general way. This kind of formalism has been widely used,
see [6,12,14].

3.1. The Gaussian model

The polyatomic distribution functionf (t, x, v, I ) describes the number of particles with positionx, velocity
v and internal energyε(I )= I 2/δ at timet , and defines the macroscopic quantities (9), (10), (13) by

ρ(x, t)= 〈〈f 〉〉, (28)

u(x, t)= 1

ρ
〈〈vf 〉〉, (29)

E(x, t)=
〈〈(

1

2
|v|2+ I 2/δ

)
f

〉〉
= 1

2
ρ|u|2+ ρe, (30)

under the new notation

〈〈f 〉〉(x, t)=
∫
v∈R3,I∈R+

f (t, x, v, I )dv dI.

Here, the ratio of specific heatsγ = Cp
Cv

and the number of additional degrees of freedom of the gasδ are related
by

γ = δ+ 5

δ+ 3
. (31)

By example, for a diatomic gas, we haveδ = 2 and thusγ = 1.4.
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The specific internal energye = 1
ρ
E − 1

2|u|2 can be divided here in two parts, the energy of translational
motionetr and the energy associated with the internal structureeint:

e= etr + eint,

etr = 1

ρ

〈〈
1

2
|v− u|2f

〉〉
,

eint = 1

ρ
〈〈I 2/δf 〉〉.

We associate to these energies the corresponding temperaturesTeq, Ttr , Tint

e= 3+ δ
2

RTeq,

etr = 3

2
RTtr,

eint = δ2RTint.

We define

P = ρRTeq. (32)

As before, we also introduce the opposite of the stress tensor

ρ2= 〈〈c⊗ cf 〉〉 (33)

still with c = v − u. Next, we have to introduce two relaxation parameters 06 θ 6 1 and−1
2 6 ν < 1. We

define a relaxation temperature

Trel = θTeq+ (1− θ)Tint, (34)

a corrected tensor

T = (1− θ)((1− ν)RTtr Id+ ν2)+ θRTeqId, (35)

and the generalized Gaussian

G̃[f ] = ρ3δ√
det(2πT )(RT δ/2rel )

exp
(
−1

2
(v − u) · T −1 · (v − u)+ I 2/δ

RTrel

)
. (36)

For use later, we also define the polyatomic maxwellian

M̃[f ] =3δ

ρ

(2πRTeq)3/2(RTeq)δ/2
exp−

(
1

2RTeq
|v − u|2+ I 2/δ

RTeq

)
. (37)

We are now able to define the Gaussian-BGK polyatomic collision model

Q(f )= P

µ(1− ν + θν)
(
G̃[f ] − f ). (38)

Here, the constant3δ is defined by

3δ
−1=

∫
e−I

2/δ dI
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so that 〈〈G̃[f ]〉〉= 〈〈f 〉〉,
the collision operator (38) does preserve mass, momentum and energy, since we have〈〈vG̃[f ]〉〉= 〈〈vf 〉〉,

〈〈(
1

2
|v|2+ I 2/δ

)
G̃[f ]

〉〉
=
〈〈(

1

2
|v|2+ I 2/δ

)
f

〉〉
.

The first two properties are only due to the scalings of the constant3δ . The third conservation law can be
checked as follows 〈〈 |c|2

2
G̃[f ]

〉〉
= 1

2
tr T = 3

2
ρ
(
RTtr(1− θ)+ θRTeq

)
,

〈〈I 2/δG̃[f ]〉〉= δ
2
ρRTrel = δ2ρ

(
θRTeq+ (1− θ)RTint

)
,

and the total internal energy is then〈〈(
1

2
|c|2+ I 2/δ

)
G̃[f ]

〉〉
= ρR

(
θTeq

(
δ

2
+ 3

2

)
+ (1− θ)

(
3

2
Ttr + δ

2
Tint

))
.

Since

3

2
Ttr + δ

2
Tint =

(
3

2
+ δ

2

)
Teq,

we obtain 〈〈(
1

2
|v|2+ I 2/δ

)
G̃[f ]

〉〉
= 3+ δ

2
ρRTeq=

〈〈(
1

2
|v|2+ I 2/δ

)
f

〉〉
.

We will now show that the modified BGK tensor (38) satisfies the entropy inequality. In section 4 we show that
it gives, in the Chapman–Enskog expansion, the Prandtl number

2

3
6 Pr= 1

1− ν + θν <+∞, (39)

and a second viscosity coefficient in (2)

α = (γ − 1)− 1− θ
θ

(1− ν)
(

5

3
− γ

)
, (40)

always for−1
2 6 ν < 1, 0< θ 6 1.

3.2. Entropy inequality

To prove the entropy inequality (6) (H-Theorem) we introduce the entropy constrained minimization problem

S(ρ,u,T , Trel)=min
g∈X

〈〈H(g)〉〉
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whereX =X (ρ,u,T , Trel) is the set defined by

X =
{
g > 0,

(
1+ |v|2)g ∈L1(R3), 〈〈I 2/δg〉〉= δ

2
RTrel,

〈〈g〉〉 = ρ, 〈〈vg〉〉 = ρu, 〈〈v⊗ vg〉〉 = ρu⊗ u+ ρT
}
.

Our main result is the following proposition

PROPOSITION 3.1: For symmetric positive definite tensor2,−1/26 ν < 1, and0< θ < 1 we have

(i) the tensorT defined in(35) is symmetric positive definite and the setX (ρ,u,T , Trel) is not empty,

(ii) the unique minimizer is the GaussianG̃[f ] defined in(36),
(iii) the entropy of the GaussiañG[f ] satisfies〈〈H(G̃)〉〉= S(ρ,u,T , Trel)6 S(ρ,u,2,Tint)6

〈〈H(f )〉〉,
(iv) consequently the entropy inequalities(6), (7)hold,
(v) the equality〈〈H(G̃)〉〉 = 〈〈H(f )〉〉 impliesf = M̃.

Remark: In fact the condition onθ can be slightly relaxed toθ < (3+ δ)/max(3, δ). Then, the positivity and
convexity requirements still hold true.

Proof. –From now on we note

A= ν2+ (1− ν)RTtr Id, (41)

and in case ofθ = 0 we haveT =A, especially this is true in the monoatomic case. To prove the first point,

after noticing thatG̃[f ] belongs toX (ρ,u,T , Trel) it is sufficient to prove thatA is positive definite. Then,
we can conclude the positivity ofT by convexity since 06 θ < 1. To prove the positivity ofA, we consider a
basis of eigenvectors of2. In such a basis, the modified tensorA is diagonal, with diagonal terms

Ai = (1− ν)
3

(θ1+ θ2+ θ3)+ νθi, i = 1,2 or 3.

These numbers are obviously positive when 06 ν 6 1. For negative values ofν, the worst case occurs when
two eigenvaluesθj vanish, yielding for the other eigenvalue

Ai = 1+ 2ν

3
θi > 0, ∀ν >−1

2
,

and the first point is proved.

To prove (ii), we first observe that from the definition ofG̃[f ], we have

H ′(G̃)= ln G̃ = α.m(v), (42)

where

m(v)= t
(
1, v, v⊗ v, I 2/δ),
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and withα the Lagrange multiplier

t α =
(

ln
3δρ√

det 2πT (RTrel)δ/2
− 1

2
u.T −1u,T −1u,−1

2
T −1,

1

RTrel

)
.

SinceH is strictly convex, we have, for allg > 0 with g 6= G̃,

H(g) > H(G̃)+H ′(G̃)(g− G̃).
Thus, forg ∈ X (ρ,u,T , Trel) with g 6= G̃, it follows from (42) and the definition ofX (ρ,u,T , Trel) that∫

R3
H(g)dv >

∫
R3
H(G̃)dv.

This proves the second point.

For the third point, we first compute

S(ρ,u,T , Trel)= ln
(

3δρ√
det(2πT )(RTrel)

δ/2

)〈〈G̃〉〉− 1

2

〈〈T −1 : (c⊗ c)G̃〉〉+〈〈I 2/δG̃
RTrel

〉〉
− 〈〈G̃〉〉

= ρ ln
(

3δρ√
det(2πT )(RTrel)

δ/2

)
− 3

2
ρ,

yielding

S(ρ,u,T , Trel)− S(ρ,u,2,Tint)= ρ ln
(

3δρ√
det(2πT )(RTrel)

δ/2

)
− ρ ln

(
3δρ√

det(2π2)(RTint )δ/2

)

= 1

2
ρ ln

det2 T δrel

detT T δint
.

Thus, we just have to prove that

detT T δrel > det2 T δint. (43)

We already proved in (22) this inequality in the monoatomic case, i.e.T =A andδ = 0

detA> det2.

Using this result for the polyatomic case, it is enough to prove the inequality

detT T δrel > detA T δint. (44)

First, we use again the Brunn–Minkowsky inequality (23) applied toT

detT > (detA)1−θ (RTeq)
3θ ,

detT > detA(detA)−θ (RTeq)3θ .
Then, we use the inequality between geometric and arithmetic average(

trM

d

)d
> detM,
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which gives here

(detA)−θ > (RTtr)
−3θ ,

since−θ 6 0 andtrA= 3RTtr . We obtain thus

detT > (detA) T 3θ
eq T

−3θ
tr .

Comparing with inequality (43), it is sufficient to prove

T 3θ
eq T

−3θ
tr T δrel > T δint, (45)

which can be written

3θ lnTeq− 3θ lnTtr + δ lnTrel > δ lnTint.

For this we use the convex combinations

Teq= 3

3+ δTtr + δ

3+ δ Tint,

Trel= (1− θ)Tint + 3θ

3+ δTtr + δθ

3+ δ Tint,

and by the concavity of the logarithm fonction, it is a simple computation to obtain the inequality (45).

This ends the demonstration of (iii).

We deduce (iv) as a consequence of (iii) and of the convexity relation

H ′(f )(G̃ − f )6H(G̃)−H(f ).

Then, the BGK model (38) satisfies the H-Theorem for allν ∈ [−1/2,1], θ ∈ [0,1], because, using (iii)

∂t

∫
R3
H(f )dv +∇x.

∫
R3
vH(f )dv= ρRT

µ(1− ν)
∫
R3
H ′(f )(G̃[f ] − f )dv

6 ρRT

µ(1− ν)
∫
R3

(
H(G̃[f ])−H(f ))dv

6 0.

The proof of (v) is very much the same as in the monoatomic case. First, the equality〈〈H(G̃)〉〉 = 〈〈H(f )〉〉
implies

S(ρ,u,2,Tint)= 〈〈H(f )〉〉,
and by (ii)

f = G̃2,Tint [f ] =
ρ3δ√

det(2π2)(RTint)δ/2
exp
(
−1

2
(v− u) ·2−1(v − u)+ I 2/δ

RTint

)
. (46)

Then, sinceS(ρ,u,T , Trel)= S(ρ,u,2,Tint), the calculation in the proof of (iii) gives

detT T δrel = det2 T δint, (47)
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and also

T 3(1−θ)
eq T 3(θ−1)

tr T δrel = T δint.

Next we take the logarithm of this equality, use the convex combinations which defineTrel andTeq and the strict
concavity of the logarithm, and we deduce that the case of equality can only be reached by

Tint = Ttr = Teq. (48)

Then, (47) gives

detT = det2,

which has been proved in the monoatomic case to imply

2=RTtr =RTeq. (49)

This directly proves that

f = M̃[f ]. 2

4. Transport coefficients

We now compute the transport coefficients obtained from this modified BGK model in the Navier–Stokes
approximation.

PROPOSITION 4.1:For the Gaussian-BGK model, we obtain in the Chapman–Enskog expansion the Navier–
Stokes system(2) where the viscosity tensor is given by

σij =µ(∂xj ui + ∂xiuj − αδijdivu). (50)

Moreover the second visosity coefficientα and Prandtl number γ
γ−1

Rµ

κ
are given by

α = (γ − 1)− 1− θ
θ

(1− ν)
(

5

3
− γ

)
, (51)

Pr= 1

1− ν + θν . (52)

The coefficients defined in section 3,−1/26 ν < 1 and 0< θ < 1 lead to2
3 6 Pr <+∞ in formula (52). For

a monoatomic gas, a Prandlt of 2/3 is obtained by takingθ = 0 andν =−1
2. For a diatomic gas, experimental

values of the Prandtl are close to5
7 and this is obtained withν =−1

2 andθ = 1
5. This value ofθ corresponds to

the empirical law that in a diatomic gas, one collision of particles out of five involves an exchange of internal
energy, as is widely used in Monte Carlo (DSMC) simulations.

Proof. –The proof is based on a Chapman–Enskog expansion of the solutionf to

∂tf + v.∇xf = P

µ(1− ν)
(
G̃[f ] − f ).
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We denote

ε = µ(1− ν + θν)
P

, (53)

and thus write

f = G̃[f ] − ε(∂tf + v.∇xf ). (54)

We then expandf as a power series ofε. We obtain immediately from the above equation that the first term of
the expansion – taking formallyε = 0 – verifiesf 0= G̃[f 0] which implies, using Proposition 3.1 (v) that

f 0= M̃[
f 0].

In a second step, we consider the first correction inε. We therefore writef ε = M̃[f ε] +O(ε). Inserting this
in (54) we obtain

f ε = G̃[f ε]− ε(∂tM[
f ε
]+ v.∇xM[

f ε
])+O

(
ε2). (55)

On the other hand, integrating the kinetic equation in mass, momentum and energy, and recalling the definition
of ρ,u,Teq in (28)–(30), we have the conservation laws

∂t

 ρ

ρui

E

+ ∂xj .
 ρuj

ρuiuj + ρ2ε
ij

Euj + ρ2ε
ijui + qεj

= 0, (56)

under the notation 〈〈(
1

2
|c|2+ I 2/δ

)
cjf

ε

〉〉
= qj ε, (57)〈〈vivjf ε〉〉= ρuiuj + ρ2ε

ij . (58)

Therefore, to obtain the comportment law (50) and the Fourier law, we only need to compute the moments
〈〈vivjf ε〉〉 and〈〈vivjvkf ε〉〉. We compute them up to the first order ofε, using (55) and the following lemma

LEMMA 4.2:

∂t〈〈vivjM̃〉〉 + ∂xk〈〈vivjvkM̃〉〉 = P
(
∂ui

∂xj
+ ∂uj
∂xi
− (γ − 1)

∂uk

∂xk
δij

)
,

∂t

〈〈(
1

2
v2+ I 2/δ

)
vjM̃

〉〉
+ ∂xk

〈〈(
1

2
v2+ I 2/δ

)
vjvkM̃

〉〉
= Pui

[
∂ui

∂xj
+ ∂uj
∂xi
− (γ − 1)

∂uk

∂xk
δij

]
+ 5+ δ

2
PR

∂T

∂xj
.

This lemma is mainly deduced from standard algebraic manipulations and exact computation of the third and
fourth moment of the maxwellian, and we do not recall the computations.

Reporting this in (55), and using the definitions of the first moments of the modified tensorG(f ε), we
therefore get 〈〈f εvivj 〉〉= ρuiuj + θρRTeqδij + (1− θ)ρ((1− ν)RT εtr δij + ν2ε

ij

)
− εP (∂xj ui + ∂xiuj − (γ − 1)∂xkukδij

)+O
(
ε2),



P. Andries et al. / Eur. J. Mech. B - Fluids 19 (2000) 813–830 827〈〈(
1

2
|c|2+ I 2/δ

)
cjf

ε

〉〉
=
(

1

2
ρu2+ 3+ δ

2
ρRT εeq

)
uj + θρRT εeqδij ui

+ (1− θ)ρ((1− ν)RT εtr δij + ν2ε
ij

)
ui

− εP (∂xj ui + ∂xiuj − (γ − 1)∂xkukδij
)
ui − ε5+ δ

2
RP∂xj T +O

(
ε2).

Using the above definitions (57) and (58) we obtain

ρ2ε
ij = θρRTeqδij + (1− θ)ρ

(
(1− ν)RT εtr δij + ν2ε

ij

)
− εP (∂xj ui + ∂xiuj − (γ − 1)∂xkukδij

)+O
(
ε2),

qεj + ρ2ε
ijui = θρRT εeqδij ui + (1− θ)ρ

(
(1− ν)RT εtr δij + ν2ε

ij

)
ui

− εP (∂xj ui + ∂xiuj − (γ − 1)∂xkukδij
)
ui − ε5+ δ

2
RP∂xj T +O

(
ε2).

Multiplying the first equations byui and substracting them to the second ones gives then

qεj =−ε
5+ δ

2
RP∂xj T +O

(
ε2).

On the other hand, taking the trace of the first equations first gives

3ρRT εtr = 3θρRT εeq+ 3(1− θ)ρRT εtr − εP (5− 3γ )∂xkuk,

that is

RT εtr =RT εeq−
1

θ
εP

(
5

3
− γ

)
∂xkuk,

and therefore the first equations reduce finally to

(1− ν + θν)ρ2ε
ij = (1− ν + θν)ρRT εeqδij − εP (∂xj ui + ∂xiuj − α∂xkukδij )+O

(
ε2),

with α = (γ − 1)− 1−θ
θ
(1− ν)(5

3 − γ ).
Substitutingε by its valueε= µ(1−ν+θν)

P
gives the final result

ρ2ε
ij =Pδij −µ(∂xj ui + ∂xiuj − α∂xkukδij )+O

(
ε2), (59)

qεj =−
5+ δ

2
µ(1− ν + θν)R∂xj T +O

(
ε2)=−κ∂xj T +O

(
ε2). (60)

At first order inε, these are the right Navier–Stokes constitutive laws with Prandtl number

Pr= γ

γ − 1

Rµ

κ
= 5+ δ

2

Rµ

κ
= 1

1− ν + νθ . 2

5. Polyatomic case: description with two distribution functions

For numerical purposes, it is expensive to introduce an internal energy variable. It turns out that, for
BGK models that is not necessary and all macroscopic variables can be equivalently obtained with a simpler
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formalism. We simply need to introduce two density distributions, one for mass and one for internal energy.
Notice that the reduction below cannot be performed in the case of Boltzmann’s quadratic collision operator.

Using the notations of section 3, we denotef̃ (t, x, v) the solution of the Boltzmann equation and we define

f (t, x, v)=
∫
R+
f̃ (t, x, v, I )dI,

g(t, x, v)=
∫
R+
I 2/δf̃ (t, x, v, I )dI. (61)

The macroscopic quantities of section 3 are then simply defined in function off andg by

ρ = 〈f 〉, ρu= 〈vf 〉, 2= 1

ρ
〈c⊗ cf 〉, (62)

e= 3+ δ
2

RTeq= 3

2
RTtr + δ

2
RTint, (63)

3R

2
Ttr = Tr2, eint = δR2 Tint = 1

ρ
〈g〉. (64)

This allows to construct the associated Gaussian distribution

T = (1− ν)RTtr Id+ ν2,
G[f,g] =

∫
R+
G̃[f̃ ]dI = ρ√

det(2πT )
exp
(
−1

2
(v− u) · T −1 · (v− u)

)
, (65)

M[f,g] =
∫
R+
M̃[f̃ ]dI = ρ

(2πTeq)3/2
exp
(
−|v− u|

2

2Teq

)
. (66)

Then, we obtain the BGK system governing the evolution of the distributionsf andg by simply integrating
the kinetic equation (1), (38) in dI andI 2/δ dI , yielding

∂tf + v · ∇xf + 1

ε

(
f − G[f,g])= 0,

∂tg+ v · ∇xg+ 1

ε

(
g − δ

2
RTrelG[f,g]

)
= 0. (67)

For this system the only conservation quantities are again

ρ, ρu, E = 1

2
ρ|u|2+ 3

2
ρRTtr + δρ2 RTint.

Since the macroscopic quantities associated with this system are the same as those off in section 3, we also
obtain, in the Chapman–Enskog expansion the same Prandtl number

2

3
6 Pr= 1

1− ν + θν <+∞.

Finally, the entropy property now holds in average for the H-function defined by

H(f,g)= f ln
f

(g)
δ

2+δ
− f (68)

=Min
{∫
R+
H(f̃ )dI ;f > 0,

∫
R+
f̃ dI = f,

∫
R+
I 2/δf̃ dI = g

}
. (69)
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Indeed, we can prove as in Propositions 2.1 and 3.1 that the pair(M, δ2RTeqM) minimizes〈H(f,g)〉 under
the constraints

〈f 〉 = ρ, 〈vf 〉 = ρu, E =
〈
v2

2
f + g

〉
,

while the pair(G, δ2RTrelG) minimizes〈H(f,g)〉 under the constraints

〈f 〉 = ρ, 〈vf 〉 = ρu, 〈c⊗ cf 〉 = ρT , 〈g〉 = ρ δ
2
RTrel. (70)

This implies in turn〈
H

(
G, δ

2
RTrelG

)〉
= S(ρ,u,T , Trel)6 S(ρ,u,2,Tint)6

〈
H(f,g)

〉
which proves that

∂t
〈
H(f,g)

〉+ div
〈
vH(f, g)

〉
6 1

ε

〈
H

(
G, δ

2
RTrelG

)
−H(f,g)

〉
6 0. (71)

Appendix. The Brunn–Minkowsky inequality

We give here a simple demonstration of the Brunn–Minkowsky inequality introduced in sections 2 and 3.

det
(
aA+ (1− a)B)> (detA)a(detB)1−a

for 0< a < 1 andA positive,B nonnegative symmetric matrices,A 6= B.

To prove this inequality, we can choseA= Id without any loss of generality. This is consequence of the strict
positivity of one of the two matrices, for exampleA, so thatA is invertible, and

det
(
aA+ (1− a)B)= det(A)det

(
aId + (1− a)A−1B

)
.

Changing the the matrices names, we have only to prove

det
(
aId + (1− a)C)> (detC)1−a.

HereC = A−1B is still diagonalisable and we denote byci its eigenvalues. Computing the determinants in a
diagonal basis forC,

5
(
a + (1− a)ci)> (5ci)1−a.

Taking the logarithm, we have to prove that

6 ln
(
a + (1− a)ci)> (1− a)6 ln ci .

This is now a direct consequence of the concavity of the logarithm between 1 andci

ln
(
a + (1− a)ci)> (1− a) ln ci . 2
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