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The Gaussian-BGK model of Boltzmann equation with small Prandtl number
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Abstract — In this paper we prove the entropy inequality for the Gaussian-BGK model of Boltzmann equation. This model, also called ellipsoidal
statistical model, was introduced in order to fit realistic values of the transport coefficients (Prandtl number, second viscosity) in the Kewier—Sto
approximation, which cannot be achieved by the usual relaxation towards isotropic Maxwellians introduced in standard BGK models.

Moreover, we introduce new entropic kinetic models for polyatomic gases which suppress the internal energy variable in the phase space by using
two distribution functions (one for particles mass and one for their internal energy). This reduces the cost of their numerical solution whila keepin
kinetic description well adapted to desequilibrium regida2000 Editions scientifiques et médicales Elsevier SAS

1. Introduction

At high altitudes or in rarefied regimes, a gas is best modeled at a microscopic scale, as a collection
of particles characterized by their velocityand positionx. The relevant mathematical model is then the
Boltzmann equation,

O f +u.Vif =0(f), 1)

which governs the evolution of the density of particlgsin the phase i.e. in the monoatomic cage=
f(t,x,v),t >0, (x,v) € R®xR3, and in the polyatomic case= f (¢, x, v, I), where the additional parameter

I > 0 is an internal energy parameter. This equation is closely related to the Navier—Stokes system which
governs the evolution of macroscopic density, momentum and energy

P puj 0
O | pui | +0x;. | puiuj+ Pdij | = 0y;. 0jj , 2)
E Euj—{—Puj MiO'ij+Kaij

where the pressure is given by the polytropic law
P =pRT = (y — Dpe, )

the viscosity tensor is given by
Oij = lu(ax,-ui + ax,vuj - ocSijdiVu),

and the total energy by = %plulz + pe. Finally, the viscosityu(T), the second viscositgp and heat
conductivityx (T') are given coefficients. HerR denotes the ordinary gas constant per unit mass.

1 E-mail: benoit.perthame@ens.fr
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Since the quadratic collision operat@i /) has a rather complex form, simpler models have been introduced
and are commonly used (see Loyalka et al. [1], Aoki et al. [2] for example) to reduce the numerical costs of
DSMC method (see [3,4]). These models should respect the basic relaxation properties of the gas under study
and be reliable when computing boundary layers or shock waves in transitional flows (that is, in regimes where
the gas is dense but not completely in thermodynamic equilibrium). On the other hand, they should be easier
to handle numerically, and should simplify the study of transitional regimes. More precisely, we are looking
for models whose hydrodynamic limits can be easily accessed by Chapman—Enskog or by asymptotic moment
expansions and have the right transport coefficients. The simplest model is the so-called BGK model introduced
by Bhatnagar, Gross and Krook [5]. It is based on relaxation towards local Maxwellians

o(f)= i;L(M[f] - f). 4)

This model has the advantage of describing the right fluid limit. But in the Chapman—Enskog expansion,the
transport coefficients, that js, «, and« obtained at the Navier—Stokes level are not satisfactory. In particular,
the Prandtl number defined by

pr= 7V Ri 5)

y—1 «

and relating the viscosity to the heat conductivity is equal to 1. For most gases, wBravk In particular,
the hard-sphere model for a monoatomic gas=(5/3) in Boltzmann equation leads to a Prandtl number
very close to 23. Many variants of the BGK model have been proposed in order to give the correct Navier—
Stokes heat conduction (see Brun [6], Cercignani [7]) but none of them satisfies simultaneously the three basic
requirements of giving nonnegative distributions, of predicting a Prandtl number less than 1, and of verifying
the fundamental H-Theorem

[ewinsd<o, (6)
which implies the classical and fundamental entropy inequality
o [ H(pdo+dv [uH(Hdu<O (7)
H(f)=fInf.

Actually, the models proposed by Bouchut and Perthame [8], Struchtrup [9] can do this, but are too complex
for numerical purposes. In Levermore [10] a BGK system is proposed but it can only reach Prandtl numbers
larger than 1 for non negative distributions. A model was proposed by Holway [11] which gives non negative
distribution and a Prandtl number less than one, but to prove the entropy inequality for this model has been a
long standing open problem. Nevertheless various studies and numerical simulations have been conducted with
results in good agreement with experimental data; for references see [7] and the references therein.

The actual form of the model, called ellipsoidal statistical or Gaussian model, involves non-convex quantities
for % < Pr < 1. This fact made unlikely that the entropy inequality (a convex relation) might hold true and the
problem of proving or disproving the H-Theorem was left open.

In this paper, we solve this long standing question by showing that the model indeed satisfies the entropy
inequality for the rang§ < Pr < 1. A second purpose of this paper is to extend this model and the associated
Chapman-Enskog expansion to polyatomic gases. Two kinetic descriptions are in fact possible here. The
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classical description uses a distribution functif, v, x, I) which also contains an internal energy parameéter

at the kinetic level (see Pitaevski and Lifschitz [12] for a general setting, or Morse [13] for the precise
BGK model). The other description to be detailed in this paper is to use two density functions, one for mass,
and one for internal energy. It was used for Euler equations by Khobalatte and Perthame [14] and has the
advantage of reducing the number of independent variables which is very useful for numerical purposes (see
Mieussens [15] for instance). In a forthcoming paper, we will present comparisons between numerical tests
using Boltzmann’s quadratic kernel and the ellipsoidal model (Andries et al. [16]).

The outline of this paper is as follows. In section 2, we describe the Gaussian model for a monoatomic gas,
and we prove the entropy property (6) for this model. In section 3, we extend the model and the entropy property
to the polyatomic case using an additional internal degree of freedom. The Chapman—Enskog expansion is
performed in section 4, and we show that the range of Prandtl nump@ss Pr < oo can indeed be reached
while leaving free the second viscosity coefficienin the polyatomic case (in the monoatomic case we can
only reach the classical Stokes relatiwr= 2/3 as for the binary Boltzmann collisional operator). Finally, the
description with two distribution functions is treated in section 5.

2. Gaussian BGK equation: the monoatomic case

In this section we consider a monoatomic gasi.e= 5/3 in equation (3). We recall the Gaussian model
which allows to recover the range of Prandtl numb§r§ Pr < 1, and we show that it satisfies the entropy
properties (6), (7).

2.1. Some notations

Boltzmann’s collision operato@( f)(x, v, t), which describes the variation of the distribution function due
to binary collisions between particles, conserves mass, velocity and energy

| e nswdu=o.

for p(v) = {1, v, %lvlz}, and satisfies the local entropy dissipation inequality (6). These properties are true for
the simpler BGK operator (4) which describes the relaxatioyi td the local Maxwellian equilibrium

P lv—ul?
M[f]_(erRT)3/2 ex'o<_ 2RT > ®)

It is defined by using the macroscopic dengityelocity u and translational temperatufeof the original
non-negative distributiorf obtained through the moments

p(x. )= (f), ©)
1
u(x,t)= ;(yf ), (10)
_ 1 2
T—m“y—ﬁ(&,m ) (11)

with the notation

(Nen=[  farwd
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In order to introduce the Gaussian model, we need further notations. We define
P =pRT (kinetic pressure) (12)
E=%<|v|2f>=%p(|u|2+3RT) (total energy) (13)
and the opposite of the stress tensor
Q=%(g®£f>, (14)

with ¢ = v — u(x, t) denoting the relative velocity. Therefore the translational temperature is related to the
stress tensor by

T = ! tr ©
T 3R —
We finally introduce the corrected tensor
Z=(1-v)RTId+10, (15)

which can be viewed as a linear combination of the initial stress tegBsand of the isotropic stress tensor
RT]d developed by a Maxwellian distribution.

2.2. Gaussian model

The Gaussian model introduces a corrected BGK collision operator by replacing the local equilibrium
Maxwellian by the Gaussiadi[ ] defined by

o)
\/det2rT)

The corresponding collision operator is now

1
GLf] = exp<—§<g W T —w). (16)

Q(f) =

where the paramete#% < v < 1is used to modify the value of the Prandtl number through the formula (to be
proved later)

2 5Ru 1
—<Pr=—-———=
3 2 « 1-v

< H00. (18)

It first follows from the above definitions, using for example the change of vari:ibie’g*”2 -(v—u), that

(fy=p={(GLf1),
wf) = pu = (uGLS1),
P o2
<7f> —E= <7g[f]>,

and
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(—w@w—uwf)=pY,
(b—w) @ —wg[f1)=pL. (19)

In particular, this means that the collision operator (17) does indeed conserve mass, momentum and energy as
imposed.

2.3. Entropy inequality
To prove the entropy inequality (6) (H-Theorem) we introduce the entropy constrained minimization problem

S(p,u, T)y=min(H(g)), (20)
geXx

whereX = X (p,u, T) is the set defined by
X={g>0, (14 v)g e LY(R3),
(8)=p, (vg) =pu, LOvE) =puu+ pL}.
We have the following proposition

PROPOSITION 2.1: For symmetric positive definite tenserand —1/2 < v < 1 we have

(i) the tensorZ defined in(15)is symmetric positive definite and the 8&to, u, 7) is not empty,
(ii) the unique minimizer i(20) is the Gaussiarg;[ /] defined in(16),
(i) the entropy of the Gaussiayl /] satisfies

(H(G)=S(p,u,T)<S(p,u,©) < (H(f)), (21)

(iv) consequently the entropy inequaliti@, (7) hold,
(V) the equality(H (G)) = (H(f)) implies f = M.

Proof. —The first and second point will be proved later on in the more general polyatomic case, thus we refer
to section 3 for a proof. For the third point, using (ii) we first compute

1
S(pou, T) = ML) 6) - ST 1 (c®0G) - (G)

\/det2rT) 2
JdeterT)/ 2

yielding

S~ (0.1, = pln(——2—) ~ pIn (——2—) = ZpIn )
= = \/@ \/@ 2" detZ
Thus, we just have to prove that
detZ > det®. (22)

This is mainly a consequence of the Brunn—Minkowsky inequality

det(aA + (1—a)B) > (detA)(detB)** (23)
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for 0 <a <1 andA, B positive symmetric matricesA # B. This inequality can be evidently extended to
a general convex combination of matrices. This inequality will be proved later on in the appendix. Here we
cannot apply this result directly to

T =vO+ (1—-v)RT]

because may be negative. Instead, we introduce, in a diagonal basi8 tbe matrices

A 0 0 A 0 0 A3 00
Ai=[0 2 0], As=[0 25 0], Aas=[0 2 0], (24)
0 0 iz 0 0 i 0 0 i

where; are the eigenvalues @. Then,7 is also diagonal and sincRT = (A1 + A2 + A3)/3, itis easy to
obtain from the definition of”

1+2v 1—v 1—v
3 A+ Ao+ As.

7 =
= 3 3

For—% < v < 1thisis now a convex combination of three matrices and we may apply (23). After noticing that
detA; =detA, =detAz = A1dodz = det@,
we obtain

detZ > det®.

Therefore, the inequality (22) holds true for-lv > 0, and 14 2v > 0, and the proof of (iii) is complete.
We deduce (iv) as a consequence of (iii) and of the convexity relation

H'()G = [H<HG) —H().

Then, the BGK model (17) satisfies the H-Theorem fowadl[—1/2, 1] because, thanks to the convexityféf
we have

_ PRT , _
o [JH GtV [ oH(pdu=—F7 [ H (D@L o
PRT
<G [LH@UD — H) o

<0.

To prove (v), we assum@{ (G)) = (H(f)). Then the point (iii) gives
(H(G)=S(p,u,T)=S(p,u,®) =(H(f)). (25)

But, using (i) the equalitys (o, u, ©) = (H(f)) implies by point (ii) thatf is the Gaussian

P X (—%X(y—z) 0t (y—z))- (26)

f=0elfl=—F=———=¢exp
= \/det2r©)
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Next, the equality (21) also give&p, u, 7) = S(p, u, ©). These quantities can be computed exactly following
the lines of point (i), and (22) becomes

detZ = det®.
With the notations (24), this gives

det

1+ 2v 1—v 1-v
< A1+ 3 Ar+ 3 A3> =det@

This is the equality case of the strictly convex inequality (23) and sineel, this equality implies
Ao = Ag,
from which we deduce immediatly
M=A=i3=RT, ©=Id. (27)

Then, we use the gaussian structurefp{26), and (27) to obtairf = M. 0O

3. Gaussian model: the polyatomic case

The extension to polyatomic gases can be performed using an internal energy palawtatdr takes into
account the (continuous) degrees of freedom in a general way. This kind of formalism has been widely used,
see [6,12,14].

3.1. The Gaussian model

The polyatomic distribution functiorf (z, x, v, I') describes the number of particles with positigrvelocity
v and internal energy() = 1%/ at timet, and defines the macroscopic quantities (9), (10), (13) by

px, 1) =((f)), (28)
1
u(x, 1) = ;((yf ), (29)
Ex. t)=<<<%|v|2+12/5>f>>=%plulz+pe, (30)
under the new notation
UMman=[  fexenod.

Here, the ratio of specific heafs= % and the number of additional degrees of freedom of theé gas related
by
5+5
" Tit3
By example, for a diatomic gas, we ha¥e- 2 and thugy = 1.4.

(31)
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The specific internal energy = %E — %|u|2 can be divided here in two parts, the energy of translational
motione, and the energy associated with the internal struciyre

e = ey + €int,

e 2 (Bn-aer)

1
et =—((I?° ).
P

We associate to these energies the corresponding temperaiyrés, Tin

3+
e = TRTeq,
3RT
Er = 2 trs
1)
€int = ERTint-
We define
As before, we also introduce the opposite of the stress tensor
PO ={{c®cf)) (33)

still with ¢ = v — u. Next, we have to introduce two relaxation parametess @< 1 and—% <v <1 We
define a relaxation temperature

Trel = 9Teq + (1 - Q)Tint’ (34)
a corrected tensor
T=(1-0)(1-v)RTyld+v0) +6RTed, (35)
and the generalized Gaussian
- pAs 1 . 1%/
glfl= eXp<——(u—M)-I (v —u)+ > (36)
det27 T)(RT2)) 2 = RTel

For use later, we also define the polyatomic maxwellian

Mf]= A p exp < Lo Py IZ/S) (37)
= A - v—u .
(27 RT,,)3/2(RT,,)*/? 2RT,, RTeq

We are now able to define the Gaussian-BGK polyatomic collision model

P -
Q(f)=m(g[f]—f)- (38)

v+

Here, the constam; is defined by

As = /6_12/5 dl
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so that

(GLFD) = ((F))s
the collision operator (38) does preserve mass, momentum and energy, since we have

(@WGLfN) = {uf).

(o)) (o)1)

The first two properties are only due to the scalings of the congtanihe third conservation law can be
checked as follows
cl? 5 1 3
((*5-011) ) = L= Sp(RTuL-0)+ 0RT.q),

~ 8 8
(I°GLIN) = 5 pRTer= 5p(0RTeq+ (1= 0) RTiwy),

and the total internal energy is then
1 . 5 3 3 )
(((F1eP+122)31r1) ) = o (0Tua( 5+ 5 ) + A= 0) (5T + 5T ) ).

et —<§+§>T
2 tr 2 int = eq

(o)) =252 (o))

We will now show that the modified BGK tensor (38) satisfies the entropy inequality. In section 4 we show that
it gives, in the Chapman—Enskog expansion, the Prandtl number

Since

we obtain

2 1
— < =
3\Pr l—v+9v<+oo’ (39)
and a second viscosity coefficient in (2)
1-06 5
=(y-1)——>1A- - — 4
o= -1 - —— v)(3 V>, (40)

always for—2 <v <1, 0<6<1.

3.2. Entropy inequality
To prove the entropy inequality (6) (H-Theorem) we introduce the entropy constrained minimization problem

S(p,u, T, Tre)) = min((H(g)))
gexXx
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whereX = X (p,u, T, Twe) is the set defined by
5

({8)) = p. ((u8)) = puu. (L ® vg)) = pU B u + p;}.

Our main result is the following proposition

PropPOSITION 3.1: For symmetric positive definite tensér, —1/2<v < 1, and0 < 0 < 1 we have
(i) the tensorZ defined in(35)is symmetric positive definite and the 8&to, u, 7, Tie) is not empty,

(ii) the unique minimizer is the Gaussigif] defined in(36),
(i) the entropy of the Gaussiayl ] satisfies

(HG))) =S u, T, Tre)) < S(p,u, ©, Tr) < {({H(f))),

(iv) consequently the entropy inequalitigg, (7) hold,
(v) the equality((H (9))) = ((H (f))) implies f = M.

Remark In fact the condition o can be slightly relaxed t6 < (34 §)/max(3, §). Then, the positivity and
convexity requirements still hold true.

Proof. —From now on we note
A=v0+ (1-v)RTyld, (42)

and in case off = 0 we haveZ = A, especially this is true in the monoatomic case. To prove the first point,

after noticing thay[f] belongs toX (p,u, T, T,.) it is sufficient to prove thatd is positive definite. Then,
we can conclude the positivity & by convexity since & 6 < 1. To prove the positivity of4, we consider a
basis of eigenvectors @. In such a basis, the modified tensdiis diagonal, with diagonal terms

(1-v)

A=
3

(O1+6024+603)+vh;, i=120r3

These numbers are obviously positive wheq 0 < 1. For negative values of, the worst case occurs when
two eigenvalue®; vanish, yielding for the other eigenvalue

A = 1+32v91 >0, Vv

and the first point is proved.
To prove (ii), we first observe that from the definition@fff], we have

H'(G)=InG =a.m(), (42)

where

m) ="(1v,v®v, I1??),
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and witha the Lagrange multiplier

A 1 1 1
'y = (In L — éu.;_lu,l_lu, —Z771 )

\/ detZT,]:—(RTrel)S/2 2=’ RT,

SinceH is strictly convex, we have, for afl > 0 with g # G,

H(g)>H(G) +H'(G)(g—0).
Thus, forg € X (o, u, T, T,.) with g # G, it follows from (42) and the definition ot (o, u, 7, T,.;) that
[ H@d> [ HGd.
R3 R3

This proves the second point.
For the third point, we first compute

S(p.u. T. Tr) = In< N - NI e®ad) + <<’wg~>> — (6

Asp ) 5
v g
o A /det(zn;)(R Tre|)5/2 << > 2 RTrel

3

=p In( Aop ) — 5P
Jdet2r T)(RTe)?2/ 2"

yielding
Asp Asp
S(p’ﬂ,IaT|)_S(paﬂ’@aTt)=pln< )_p|n< >
= = \/de(2r D) (RT;e)/2 \/det2r ©) (RT,;,)%/2
1 det® T,
277 et T,

Thus, we just have to prove that

detZ T2, > det® T;). (43)
We already proved in (22) this inequality in the monoatomic caseZie.4 ands =0

detA > det®.

Using this result for the polyatomic case, it is enough to prove the inequality

detZ Tyg > detd Ty, (44)

First, we use again the Brunn—Minkowsky inequality (23) applied to
detZ > (detd)' ?(RTp)¥,
detZ > detA(detAd) ?(RT,,)™>.
Then, we use the inequality between ggometrizand_arithmetic average

trm ¢
(7) > detM,
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which gives here
(detd)™ > (RTy) ¥,
since—6 < 0 andtr A = 3RT;,. We obtain thus
detZ > (detd) T T, .
Comparing with inequality (43), it is sufficient to prove
Ty Ty > T = T (45)

which can be written

For this we use the convex combinations
3 5

Teqg= —— —T
eq 3+ tr+3+5 ints

Trer= (L — 0) Tint + T+50T
rel = int 3+3 tr 3—{-3 ints

and by the concavity of the logarithm fonction, it is a simple computation to obtain the inequality (45).
This ends the demonstration of (iii).
We deduce (iv) as a consequence of (iii) and of the convexity relation

H' ()G~ f)<HG) — H(f).

Then, the BGK model (38) satisfies the H-Theorem fowadl[—1/2, 1], 0 € [0, 1], because, using (iii)

_ PRT , S
o [JH GtV [ oH(pdu=—F7 [ H (D@11
PRT ~
<P L@~ H)
<0.

The proof of (v) is very much the same as in the monoatomic case. First, the equal'@m = ({(H(f)))
implies

S(paﬂag’ Tint) = <<H(f)>>a

and by (ii)
- ,OAS < 1 -1 12/5 >
- T o—u)-O —u)+ . 46
/= Ge1l/] det(2r ©) (R Tint)*/2 exp w8 - RTn 8

Then, sinceS(p,u, L, Trel) = S(p, u, ©, Tiny), the calculation in the proof of (iii) gives

detZ T, = detO T, (47)
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and also

3(1-0) 36-1) 7786 _ 6
Teq Ttr Trel - Tint'

Next we take the logarithm of this equality, use the convex combinations which dgfiaed 7.4 and the strict
concavity of the logarithm, and we deduce that the case of equality can only be reached by

Tint =Ty = Teq- (48)

Then, (47) gives
detZ =det®,

which has been proved in the monoatomic case to imply
Q = R]"tr = RTeq. (49)

This directly proves that
f=Mifl. O

4. Transport coefficients

We now compute the transport coefficients obtained from this modified BGK model in the Navier—Stokes
approximation.

PROPOSITION 4.1: For the Gaussian-BGK model, we obtain in the Chapman—Enskog expansion the Navier—
Stokes syste((2) where the viscosity tensor is given by

0 = I,L(axjui + Bxiuj — aé,»jdiVu). (50)

Moreover the second visosity coefficienand Prandtl numbelﬁ% are given by

1-6 5
a=(y-h-—o1-w(3-7), (51)
1
=TT 52)

The coefficients defined in section31/2<v <land0< 6 < 1lead to% < Pr < +ooinformula (52). For
a monoatomic gas, a Prandlt of2is obtained by taking = 0 andv = —%. For a diatomic gas, experimental
values of the Prandtl are closeicand this is obtained with = —% andé = % This value o9 corresponds to
the empirical law that in a diatomic gas, one collision of particles out of five involves an exchange of internal
energy, as is widely used in Monte Carlo (DSMC) simulations.

Proof. —The proof is based on a Chapman—Enskog expansion of the sojutmn

P -
o f +Q-V£f=m(g[f]—f)~
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We denote
g A=y +Ov) (53)
P
and thus write
F=Glf1—e@f+v.Vef). (54)

We then expand as a power series aef We obtain immediately from the above equation that the first term of
the expansion — taking formally= 0 — verifies f° = G[ £°] which implies, using Proposition 3.1 (v) that
o=M[r.
In a second step, we consider the first correction. e therefore writef¢ = M| f¢] + O(e). Inserting this
in (54) we obtain
E=Gf] —e(@M[f] + 0.V M[f]) + O(?). (55)

On the other hand, integrating the kinetic equation in mass, momentum and energy, and recalling the definition
of p,u, T, in (28)—(30), we have the conservation laws

P puU;
0 | pu; |+ 0. puiuj + pO;; =0, (56)
E Euj+ p®Ofu; +4;
under the notation
1
(((FleP+12)esre)) =a (57)
((viv; f9)) = puju; + p®;;. (58)

Therefore, to obtain the comportment law (50) and the Fourier law, we only need to compute the moments
((viv; £°)) and ((v;vjv £°)). We compute them up to the first ordersgfusing (55) and the following lemma

LEMMA 4.2:

~ ~ ou; ou ; 0
a,<<v,»va>>+axk<<v,~vjka>>=P< ui | O, ”"5,,-),

— (v —1)—=%
0x; + 0X; o4 )axk

(324 b+ o)

du;  ou; ouy, ] 546 oT
—(y—1—Ls;| + ——PR—.
0x; + ox; (y )axk i| 2 0x;

:Pbtl|:

This lemma is mainly deduced from standard algebraic manipulations and exact computation of the third and
fourth moment of the maxwellian, and we do not recall the computations.

Reporting this in (55), and using the definitions of the first moments of the modified téngéy, we
therefore get

((ffviv))) = puiuj +0pRTedij + (L — 0)p((1 — v)RTS;; + vOy;)
- SP(ax_,ui + g1 — (v — Ddgurdij) + 0(82)’
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1 . 1 3446
<<<E|C|2+[2/S)cjff>> <2pu -|—TpR >uj+9pR qaijui

+ 1 -0)p((L—v)RT6;; + U®fj)ui

54346
— &P (3y,u; + dqu; — (v — Doy urdi)u; — € . (e2).
Using the above definitions (57) and (58) we obtain
p®;; =0pRT,48; + (1 —0)p((1L = v)RTS;; +vOj;)
— &P (3y,u; + 0x,u; — (v — Doy i) + O(e?),
q; +pO;ju; =0pRTgdiju; + (1 — ) p((L—v)RT8; + v®§-) ;
5+8
—EP(ax/.Mi + 8x[lztj — ()/ — 1)anMk8ij)Mi — 2 RPaxlT +O( )

Multiplying the first equations by, and substracting them to the second ones gives then

5+8

&

q; =

(£%).

On the other hand, taking the trace of the first equations first gives

Xj

3pRT =30pRTL+3(1—0)pRT; — e P(5— 3y)dyur,
that is

1 5
RT{ = RT¢q— —¢P (— - y>8xkuk,
0 3

and therefore the first equations reduce finally to
(l — v+ 91)),0@; = (1 —V+ GU),()RTEZ(S[J' — EP(ax/.l/ti + axiuj — aaxkuk&j) + 0(82),

witha=(y -1 — 2@ -1)E - ).
Substitutinge by its values = L=+ gives the final result

PO, = P8ij — w(dy,u; + 0,1 — ady 1 ;) + O(e?), (59)
qj:—S%u(l—v—{—GU)Ra T +0(e?) = —kd,, T +O(&?). (60)

At first order ing, these are the right Navier—Stokes constitutive laws with Prandtl number
pr_ ¥ Ru _5+38 Rp _ 1 '
y — y—1 « 2« 1-v+0

5. Polyatomic case: description with two distribution functions

For numerical purposes, it is expensive to introduce an internal energy variable. It turns out that, for
BGK models that is not necessary and all macroscopic variables can be equivalently obtained with a simpler
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formalism. We simply need to introduce two density distributions, one for mass and one for internal energy.
Notice that the reduction below cannot be performed in the case of Boltzmann’s quadratic collision operator.

Using the notations of section 3, we dengte, x, v) the solution of the Boltzmann equation and we define

f(t,i,y)=/R+ ft,x, v, 1dI,

g =[ 1 x 0 ndr (61)
The macroscopic quantities of section 3 are thSn simply defined in functigraafig by
p={f), pu=(vf), Q=%<£®gf>, (62)
e= 3—-;8RTeq: gRTtr + %RTim, (63)
37RTtr =Tro, eint = 87RTint = %(g). (64)

This allows to construct the associated Gaussian distribution
; = (l - V)RTtr£+ ng

~ o~ 1Y 1 1
Gglf, gl= g fldl = ———ex (——_—_ T -_—_), 65
£, 2] /]R A oo e L e (65)
B - P lv—ul?
MIf, gl —/R+M[f]d1 = Wexp<_Teq) (66)

Then, we obtain the BGK system governing the evolution of the distributfoasd g by simply integrating
the kinetic equation (1), (38) infdand 7%/ dI, yielding

1
8tf+v-fo+g(f—g[f,g])=0,

1 8
0 +v-Vig+ - (g — 5 RTeGLS, g]) =0. (67)

For this system the only conservation quantities are again

E=ou+ 2orT, + LR
P, puU, —2,02 2,0 tr 2 int-

Since the macroscopic quantities associated with this system are the same as fhivsseafiion 3, we also
obtain, in the Chapman—Enskog expansion the same Prandtl number
2 1
<

<Pr=——— .
3 1—v+0v<+oo

Finally, the entropy property now holds in average for the H-function defined by

Hf.o)=fIn—2L (68)

(g)zm

:Min{/R+H(f)d1;f>0,/R+fd1=f,

12/5fd1:g}. (69)

Ry
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Indeed, we can prove as in Propositions 2.1 and 3.1 that thquair%RTeq/\/l) minimizes(H (f, g)) under
the constraints

(f)=nr, (vf) = pu, E=<U—22f+g>,

while the pair(G, %RT,e|g) minimizes(H ( f, g)) under the constraints

8
(f)=pr, (vf)=pu, (c®cf)=pZ, <g>:p§RTrel- (70)

This implies in turn

b}
<H <g, éRTrelg>> = S T Te) < S(po 1. O, To) < (H(f. 8))
which proves that

. 1 )
0(H(f, )+ dVuH ([, )) < ;<H (g, ERTm'g) _H(f, g)> <0, (71)

Appendix. The Brunn—Minkowsky inequality
We give here a simple demonstration of the Brunn—Minkowsky inequality introduced in sections 2 and 3.
det(aA + (1—a)B) > (detA)(detB)**

for 0 < a < 1 andA positive, B nonnegative symmetric matrice$,# B.

To prove this inequality, we can chode= Id without any loss of generality. This is consequence of the strict
positivity of one of the two matrices, for example so thatA is invertible, and

det(aA + (1 — a)B) = det(A) det(ald + (1 — a)A'B).
Changing the the matrices names, we have only to prove
det(ald + (1 —a)C) > (detC)* .

HereC = A~1B is still diagonalisable and we denote byits eigenvalues. Computing the determinants in a
diagonal basis fo€,

M(a+ (1—a)) > (et

Taking the logarithm, we have to prove that
EIn(a+ 1 —-a);) > 1—a)ZIng.
This is now a direct consequence of the concavity of the logarithm betweend and

In(a+ 1 —a);) > (1—a)lng. O
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